A generalization of the Akulov-Volkov effective Lagrangian governing the self interactions of the Nambu-Goldstone fermions associated with spontaneously broken extended supersymmetry as well as their coupling to matter is presented and scrutinized. The resulting currents associated with R-symmetry, supersymmetry and space-time translations are constructed and seen to form a supermultiplet structure.
I. INTRODUCTION
Many proposed fundamental theories of nature require there to be supersymmetry (SUSY) in extra dimensions. When reduced to four dimensions, this results in models exhibiting an extended supersymmetry, N ≥ 2. Since the low energy standard model of elementary particle interactions has no supersymmetry, N = 0, the question of the nature of the chain of supersymmetry beakdown from higher N to N = 0 is quite relevant. In addition, for those models with N = 1 supersymmetry at the electroweak scale, the breakdown of SUSY from a higher N > 1 to N = 1, either in stages (partial supersymmetry breaking), or directly, is of paramount importance. Models of partial supersymmetry breaking have been extensively studied and require exploiting one of two possible avenues of realization. Either the supersymmetry current algebra requires the inclusion of certain central charges, [1] - [3] , or when embedded in a supergravity model, the gravitino gauge field contains negative norm states [4] - [6] . In this paper, we present the construction of the Akulov-Volkov effective action [7] describing the spontaneous breakdown of N-extended supersymmetry to N = 0 [8] [9]. This model contains only the Nambu-Goldstone fermions necessary for it to describe the spontaneous breakdown of the extended supersymmetry. Since the supersymmetry charges are in the fundamental representation of an accompanying (unbroken) SU(N) R symmetry, their Akulov-Volkov realization depends on a single scale, the common Goldstino decay constant. This fact is explicitly exhibited by exploiting this non-Abelian SU(N) R symmetry of the N-extended SUSY algebra which manifests itself through a rescaling invariance of the action resulting in its single scale dependence. The Noether currents associated with the chiral SU(N) R symmetries, the N supersymmetries and the space-time translation symmetries are constructed and the supersymmetry transformations of the currents are determined. In particular the R-currents, supersymmetry currents and the energy-momentum tensor are shown to form the components of a supercurrent [10] - [11] . This extends previous work [12] for N = 1 supersymmetry. Finally, the couplings of the Goldstino fields to matter and gauge fields are delineated once again generalizing the construction of the N = 1 case [13] - [14] .
The N-extended supersymmetry Weyl spinor charges Q A α andQ Ȧ α , where A = 1, 2, . . . , N, obey the supersymmetry algebra (in the absence of any central charges)
with P µ the energy-momentum operator.
This algebra can be realized by means of the Akulov-Volkov nonlinear transformations 
where ξ 
[Comment on notation: Throughout this paper, a summation convention is employed in which all repeated indices in a single term are summed over. The only exceptions are the first terms on the right hand side of Eq. (2) and Eq. (7). In addition, we shall often supress the indices when they are summed over. Thus, for example,
Further representing the space-time translations as
it is readily established that the above extended SUSY algebra is indeed satisfied by the associated variations.
Using these Goldstino field extended SUSY transformations, it is straightforward to generalize the Akulov-Volkov N = 1 SUSY construction to form the extended SUSY invariant action, Γ AV = d 4 xL AV , where
where f is a scale with dimension mass 2 . The Akulov-Volkov vierbein A ν µ is the 4×4 matrix defined as
Expanding the determinant, a canonically normalized kinetic term for each of the Goldstino fields is secured after the rescalings
Since all self interactions of the Goldstinos have the functional form (in a short hand nota-
, it follows that there is really only one scale in the action and the Akulov-Volkov Lagrangian can be written as
where
Since this Akulov-Volkov action is the unique extended SUSY invariant structure containing the lowest mass dimension Goldstino self interactions, it follows that the extended SUSY algebra is completely broken at this single scale, √ f, which can be identified as the common Goldstino decay constant [8] . That is, one cannot sequentially break the various supersymmetries at different scales and still realize the algebra of Eq. (1). This conclusion is in accord with a heuristic argument [15] which follows from the form of the extended SUSY algebra, Eq. (1). If one demands that the Hilbert space of states be positive definite, then the algebra dictates that it cannot be that some of the supersymmetry charges annihilate the vacuum while others do not. As was previously pointed out [1] , however, this argument is purely formal since for spontaneously broken symmetries, the associated symmetry charges really do not exist. In our approach, we reach an identical conclusion using very concrete effective
Lagrangian techniques which explicitly encapsulate the relevant dynamics. The result is certainly a very strong constraint and is very different from the situation often encountered involving multiple global symmetries which can generally be broken at different scales. Thus
we encounter yet another example [16] of how supersymmetry very tightly constrains the allowed dynamics of a model.
Further note that in terms of the rescaled (unprimed) fields, the extended nonlinear SUSY transformations take the form
with
Clearly, the supersymmetry algebra
continues to be satisfied. Here the space-time variations, δ P (a), of the unprimed fields are of the same form as for the primed fields (cf. Eq. (4)).
The Akulov-Volkov Lagrangian is invariant while the Goldstino SUSY transformations are covariant under a global SU(N) symmetry which has the properties of an R symmetry.
Under this SU(N) R symmetry, the Goldstino fields transform as
where ω a , a = 1, 2, . . . , N 2 − 1, are the SU(N) R transformation parameters and T a denote the fundamental representation matrices of SU(N). It follows that
which is precisely what is required of an R-symmetry. Here
This symmetry is also reflected in the extended SUSY algebra, Eq. (1), which remains invariant under an SU(N) rotation of the supersymmetry charges. The Q A andQ A transform as the N andN fundamental representations of this SU(N) R symmetry, so that
while the energy-momentum operator is R invariant:
It should be noted that Eq. (16) requires the Akulov-Volkov realization of the SUSY transformations to form fundamental representations of SU(N) R which, along with Eq. (13), implies that the Goldstino decay constants must all be the same.
Combining these various results, it follows that the Akulov-Volkov Lagrangian [8] [9] of Eq. (8) is invariant under SU(N) R transformations while transforming as a total divergence under SUSY and space-time translations:
Hence the action constructed from this Lagrangian is invariant under these transformations.
II. SYMMETRY CURRENTS
Noether's theorem can be used to construct the conserved currents associated with the above symmetries of the action. First introduce the local variation by means of the functional differential operator
which allows for space-time and field dependent Weyl spinor variation parameters, ζ(x) and ζ(x). When applied to the Akulov-Volkov Lagrangian, Eq. (8), this yields
Further defining the variation operator,
it follows that
while the local variation of the Akulov-Volkov action, Γ AV = d 4 xL AV , is secured as
which constitutes Noether's theorem.
To extract the various currents and their conservation laws, one allows the local transformation parameters ζ 
and substituting into Noether's theorem, Eq. (23), leads to the conserved Noether energymomentum tensor
and its conservation law
Similarly, the parameters can be chosen as
which correspond to the form of a Goldstino SU(N) R transformation. This time substitution into Noether's theorem produces the conserved R current
where the Ward identity functional differential operator describing R transformations is given by
Finally, the parameters can be chosen to have the form of the Goldstino nonlinear SUSY
with the ξ andξ appearing on the right hand side being the usual constant spinor SUSY transformation parameters. So doing, the supersymmetry currents Q 
The current conservation equation takes the form
The conserved currents in the effective theory are related through their SUSY transformation properties. The SUSY transformation, δ Q (ξ,ξ) = d 4 xδ Q (x; ξ,ξ), of the R current produces the supersymmetry current plus a term that is a Belinfante improvement term for the supersymmetry currents as well as additional Euler-Lagrange equation terms:
Here the ρµ antisymmetric improvement terms are defined as
Note that on-shell, the divergence of the R current vanishes as a consequence of the R-current conservation law and the field equations.
Analogously, the Noether SUSY currents transform into the Noether energy-momentum tensor, its Belinfante improvements, other trivially conserved (without need of field equations) antisymmetric terms and Euler-Lagrange equation terms that enter through the divergence of the supersymmetry currents which again vanish on-shell:
The ρµ antisymmetric improvement terms G ρµ are defined as
Finally the SUSY variation of the energy-momentum tensor does not lead to another conserved current but only to a trivially conserved antisymmetric term and the on-shell vanishing Euler-Lagrange equation terms so that
Hence, the currents R µ , Q µ , and T µν form the component currents of a supercurrent. Given the R current, the SUSY currents and the energy-momentum tensor can be defined by SUSY variations of R µ (ω) through the above transformation equations. Due do the R invariance of the N extended SUSY algebra, all of the lower component R and SUSY currents transform into the energy-momentum tensor. The form of the currents, their conservation laws and multiplet structure exhibit an entirely similar structure to that found for the N = 1 nonlinear SUSY theory [12] .
III. MATTER AND GAUGE FIELDS
The N extended supersymmetry algebra can also be nonlinearly realized on matter (nonGoldstino, non-gauge) fields, generically denoted by φ i , where i can represent any Lorentz or internal symmetry labels, using the standard realization [13] , [14] , [17] 
The matter fields also carry a representation of the chiral SU(N) R symmetry so that
with (R a ) i j constituting a set of SU(N) representation matrices. It is straightforward to check that the extended SUSY algebra is obeyed by these transformations:
where ξ R andξ R are defined in Eq. (15) and the cross product is given in terms of the
The formalism required to construct extended SUSY invariant actions involving matter fields, gauge fields and their interactions with Goldstinos is very similar to that previously deduced for the case of N = 1 supersymmetry. As such, we shall only outline the necessary steps and refer the reader to the literature [13] , [14] to fill in the details.
The SUSY covariant derivative of the matter field, D µ φ, is defined as
transforms under SUSY as the standard realization so that
If the matter field belongs to a representation of an internal local symmetry group G
where θ I = θ I (x) are the space-time dependent gauge transformation parameters and (L I ) i j are a set of G representation matrices, then the gauge covariant derivative is given by
Here A Iµ , I = 1, 2, . . . , dim G, are the G gauge fields having gauge transformation properties
with g the gauge coupling constant and f
JK I
are the group G structure constants. These A Iµ carry the non-standard SUSY realization
By once again using the inverse Akulov-Volkov vierbein, the gauge covariant derivative of φ can also be made SUSY covariant via
so that it transforms as the standard realization under the extended nonlinear SUSY,
The gauge field is chosen to be a singlet under R transformations, δ R (ω)A Iµ = 0, so the gauge and R transformations commute.
Alternatively, a redefined gauge field can be introduced as
so that it transforms as the standard realization
and the gauge covariant derivative takes the form
Moreover, the redefined gauge field V I µ transforms under gauge transformations as
For all realizations, the gauge transformation and SUSY transformation commutator yields a gauge variation with a SUSY transformed value of the gauge transformation parameter:
Alternately, by requiring the local gauge transformation parameter to also transform under the standard realization,
then the gauge and SUSY transformations commute.
To construct an invariant kinetic energy term for the gauge fields it is convenient for the anti-symmetric tensor field strength to be brought into the standard realization. This is achieved by defining
where F Iαβ the usual field strength
Under SUSY transformations, F Iµν varies as
These standard realization building blocks, the Akulov-Volkov vierbeine,
A and the field strength tensor, F Iµν , and higher covariant derivatives thereof, can be combined to make SUSY and gauge invariant actions.
IV. INVARIANT ACTIONS
SUSY and gauge invariant actions can be constructed using the fact that the matter fields and their covariant derivatives transform according to the standard realization. The final ingredient needed is the Goldstino SUSY covariant derivatives which can be analogously defined as
so that their SUSY transformation is also that of the standard realization
Since they are singlets under any internal symmetry, all pure Goldstino terms are manifestly gauge invariant. On the other hand, recall that λ A andλ A transform as fundamental representations of the SU(N) R symmetry while the Akulov-Volkov action is R-symmetric.
These standard realization building blocks consisting of the gauge singlet Goldstino SUSY covariant derivatives, D µ λ A , D µλ A , the matter fields, φ i , their SUSY-gauge covariant derivatives, D µ φ i , and the field strength tensor, F Iµν , along with their higher covariant derivatives can be combined to make SUSY and gauge invariant actions. These invariant action terms then dictate the couplings of the Goldstino which, in general, carries the residual consequences of the spontaneously broken extended supersymmetry.
A generic SUSY and gauge invariant action is thus constructed as
where L eff is any gauge invariant function of the standard realization basic building blocks.
Using the nonlinear SUSY transformations δ
This structure is once again completely analogous to that found for the case of N = 1 supersymmetry [13] , [14] .
It proves convenient to expand L eff in this effective action in powers of the number of 
